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Simulations of tokamak (and other MFE) edge plasmas
need to go beyond collisional (Braginskii) models

Kinetic effects are important in the tokamak edge
Gyro-Landau-fluid (GLF) approach is a way to incorporate some
kinetic effects into fluid simulation codes such as BOUT++
Radial inhomogeneities and large relative perturbation amplitudes
necessitate a non-Fourier implementation of the Landau-fluid (LF)
closure operators

Related work at this meeting:
I Higher-order (profile and nl) effects: I. Joseph, PS II, #19
I Plasma response & transport with collisions: M. Umansky, PS III, #20
I GLF effects on ELMs: C. Ma, PS II; #25, P. Xi, previous talk



The Landau-fluid (LF) closure operators are highly nonlocal
in configuration space

1D (e.g., parallel) collisionless closure phase-mixing:
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I with collisions (Beer-Hammett, Phys. Plasmas ‘96):
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If spatially homogeneous closure model can be used, the LF operators
are easy to represent and efficient to calculate in Fourier (kq) space.



Umansky et al, Sherwood 2013 conference – Chart 3 

Non-normalized! Normalized!

Landau-fluid non-local heat flux w/ collisions shows !
correct trend to approximate local diffusive heat flux !

Non-local spectral q Non-local spectral q

Finite q for 
zero gradT 



The LF closure operators for edge must deal with spatial
inhomogeneities

Example: toroidal Landau-fluid (|!d|) closure:
e.g., Beer-Hammett ‘96, 3+1 equations:

dpq
dt

= stu↵ � i!d (7pq + p? � 4n)� 2 |!d| (⌫1Tq + ⌫

2

T?)

!d defined by

i!d = vd
ˆVd ·r? 

=

1

2(T

norm

B

0

)


T?
B

0

ˆb⇥rB

0

·r+ Tqˆb⇥
⇣
ˆb ·rˆb

⌘
·r

�
 

I In the edge, T? and Tq have significant spatial variations due to
F

equilibrium profile variation

F
finite amplitude perturbations



Computation of the LF operators becomes challenging when
significant spatial inhomogeneities are present

Operators are no longer local in k space
I Fourier-based computation inefficient

LF operators intrinsically nonlocal in configuration space !
mesh-based discretization schemes used for derivatives (finite
difference, volume, element, etc.) are no longer applicable.
Straightforward direct approach:

I discretize configuration-space kernel
I aplply by direct convolution or matrix multiplication
I computationally expensive; N2

g scaling [vs. Ng log (Ng) for local-k
Fourier]

ACCURATE APPROXIMATIONS ARE POSSIBLE THAT CAN BE
IMPLEMENTED WITH FOURIER-LIKE SCALING.



Approximation by a sum of Lorentzians allows for
computation using efficient sparse linear solvers

Lorentzians in k space are inverses of Helmholtz operators in real space
Could provide very efficient way to implement nonlocality

Consider
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Each individual component of the sum has the correct parity.
With the above scaling of the height and width, different terms
approximately “fill in” different parts of the 1/ |k| curve
Suggests an approximation by a simple truncation.
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Simple truncated sum of Lorentzians is very accurate, even
with few terms

1

|k| ⇡  N (k,↵,�, k

0

) ⇡ �

N�1X

n=0

↵

n
k

0

k

2

+ (↵

n
k

0

)

2

 N (k) - 1 and 2 terms |k| 
7

(k) - 7 terms

0 1 2 3 4 5 60.0

0.5

1.0

1.5

2.0

k

y
HkL

y2HkL
y1HkL
1 ê k

10 20 50 100 200 500 1000 20000.0

0.2

0.4

0.6

0.8

1.0

1.2

k

»k»y
7HkL

A. M. Dimits,1 in collaboration with I. Joseph,1 S.S. Kim2 M. V. Umansky,1 P. W. Xi,1,3 X. Q. Xu1 (Presented at the 2013 International Sherwood Fusion Theory ConferenceSanta Fe, NM, April 17, 2013 1Lawrence Livermore National Laboratory, Livermore, CA, USA 2WCI Center for Fusion Theory, NFRI, Korea 3School of Physics, Peking University Work performed for U.S. DOE by LLNL under Contract DE-AC52-07NA27344 and LLNL LDRD project 12-ERD-022.)EFFICIENT NON-FOURIER IMPLEMENTATION OF LANDAU-FLUID CLOSURE OPERATORS FOR EDGE PLASMA SIMULATION*April 17, 2013 7 / 21



Systematic collocation analysis ! improved fits: collisionless

Collisionless - good (near best) fit is of the form
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! matrix problem that can be handled e.g., by Mathematica
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Systematic collocation analysis ! improved fits: collisionless

Extends spectral range of good fit by ~10-100 for given N , ↵.
Improved fits vs. original fit
Spectral range of good fit: 7, 20, 80, 400, 2000, 10000

1 10 100 1000 104
0.5

0.6

0.7

0.8

0.9

1.

1.1

k

»k»y
HkL

1 10 100 1000 104
0.98

0.99

1.

1.01

1.02

k

»k»y
HkL

A. M. Dimits,1 in collaboration with I. Joseph,1 S.S. Kim2 M. V. Umansky,1 P. W. Xi,1,3 X. Q. Xu1 (Presented at the 2013 International Sherwood Fusion Theory ConferenceSanta Fe, NM, April 17, 2013 1Lawrence Livermore National Laboratory, Livermore, CA, USA 2WCI Center for Fusion Theory, NFRI, Korea 3School of Physics, Peking University Work performed for U.S. DOE by LLNL under Contract DE-AC52-07NA27344 and LLNL LDRD project 12-ERD-022.)EFFICIENT NON-FOURIER IMPLEMENTATION OF LANDAU-FLUID CLOSURE OPERATORS FOR EDGE PLASMA SIMULATION*April 17, 2013 9 / 21



Systematic collocation analysis ! improved fits: collisional
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Implementation is by replacement of Lorentzians in
wavenumber space by Helmholtz-equation solves

Solve via a tridiagonal (for 2-point differences) or banded (for
higher-order differences) matrix solution
Direct solvers work well

I the matrices are well conditioned
I parallelizeable along direction of solve

Sum the results of the matrix solves
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Normalizing wavenumber k
0

must be chosen to have region
of good fit overlap with resolved modes

Choose k

0

so that
I
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is to right of left boundary of good fit
I
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Sum-of-Lorentzians method has similar computational
scaling to Fourier

Scales as Nz log (Nz), c.f. N

2

z for direct convolution or matrix
multiplication.
Crossover point is at Nz ⇡ 128 ) advantage for Nz & 200.
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Using sum of Lorentzians approximation preserves
Hammett-Perkins ‘90 LF response functions

Implemented Mathematica scripts; reproduced HP90 calculations,
modified to also use sum of Lorentzians for 1/|k|.
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Using sum of Lorentzians approximation preserves
Hammett-Perkins ‘90 LF response functions

Implemented Mathematica scripts; reproduced HP90 calculations,
modified to also use sum of Lorentzians for 1/|k|.
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Using sum of Lorentzians approximation preserves collisional
LF response functions

collisional response Functions

non-Fourier Fourier
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Toroidal Landau-fluid (|!
d

|) closure

Linear forms for i!d
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The LF terms have been implemented in BOUT++
|kq| terms implemented using existing parallel “Laplace” solver

I Has correct offset periodic parallel boundary conditions

|!d| terms implemented using modification of existing perpendicular
Laplace solver(s)

I Existing solver solves
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Radial inhomogeneities in rB and curvature drifts can be included via
the manifestly conservative dissipative form:
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Good agreement is achieved with previous calculations for
ITG instability frequencies and growth rates
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The Landau-Fluid terms are essential for agreement of the
GLF toroidal ITG linear growth rates with gyrokinetic results
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Conclusions

We have developed a new non-Fourier method for the calculation of
Landau-fluid operators.
Useful for situations with large (including background) spatial
inhomogeneities.
Good accuracy (relative error . 1.5% over wide spectral range) is
readily achievable with 5 terms for all k�

mfp

.
Computational cost has value and scaling similar to Fourier method.
Considerable advantage over direct convolution or matrix
multiplication for Ng & 200.
Implemented for parallel (|kq|) and toroidal (|!

d

|) LF operators in
BOUT++
Good agreement is achieved with previous calculations for ITG
instability frequencies and growth rates.
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/ŶƐƚƌƵĐƟŽŶƐ�ĨŽƌ�ǁŽƌŬƐŚŽƉ�ƌĞŐŝƐƚƌĂƟŽŶ�ĂƌĞ�ĨŽƵŶĚ�ŽŶ�ƚŚĞ�ǁĞď�ƐŝƚĞ͘�
�ƵĞ�ƚŽ�ĂĐĐĞƐƐ�ƌĞƐƚƌŝĐƟŽŶƐ�ĂŶĚ�ďĂĚŐŝŶŐ�ƌĞƋƵŝƌĞŵĞŶƚƐ�Ăƚ�>>E>͕�
ƉĂƌƟĐŝƉĂŶƚƐ�ĂƌĞ�ƌĞƋƵŝƌĞĚ�ƚŽ�ƌĞŐŝƐƚĞƌ�ďǇ�ƚŚĞ�ĚĂƚĞƐ�ŶŽƚĞĚ͘�

�Ɛ�ƚŚĞ�ƉƌŽŐƌĂŵ�ŝƐ�ŝŶƚĞƌĂĐƟǀĞ�ĂŶĚ�ƐĞĂƚƐ�ĂƌĞ�ůŝŵŝƚĞĚ͕�ƚŚĞ�ŶƵŵďĞƌ�
ŽĨ�ƉĂƌƟĐŝƉĂŶƚƐ�ŝƐ�ůŝŵŝƚĞĚ�ƚŽ�ϱϱ͘�WƌĞͲƌĞŐŝƐƚƌĂƟŽŶ�ǁŝůů�ďĞ�ƌĞƋƵŝƌĞĚ͘���
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�ĐĐŽŵŵŽĚĂƟŽŶ͗

�ĐĐŽŵŵŽĚĂƟŽŶ�ƐƵŐŐĞƐƟŽŶƐ�ĂǀĂŝůĂďůĞ�ŽŶ�ƚŚĞ�ǁĞď�ƐŝƚĞ͘�   

KƌŐĂŶŝǌŝŶŐ��ŽŵŵŝƩĞĞ͗

yƵĞƋŝĂŽ�yƵ�;�ŚĂŝƌ͕ �>>E>͕�h^�Ϳ
�ĞŶ��ƵĚƐŽŶ�;h͘�zŽƌŬ͕�h<Ϳ
DĂǆŝŵ�hŵĂŶƐŬǇ�;>>E>͕�h^�Ϳ
�ǀĂŶ��ĂǀŝƐ�;D/d͕ �h^�Ϳ 

^ĐŝĞŶƟĮĐ��ŽŵŵŝƩĞĞ͗

WŚŝů�^ŶǇĚĞƌ�;�ŚĂŝƌ͕ �'ĞŶĞƌĂů��ƚŽŵŝĐƐ͕�h^�Ϳ
>ƵŝƐ��ŚĂĐŽŶ͕�>ŽƐ��ůĂŵŽƐ�EĂƟŽŶĂů�>ĂďŽƌĂƚŽƌǇ͕ �h^�
�͘�^͘��ŚĂŶŐ�;WƌŝŶĐĞƚŽŶ�WůĂƐŵĂ�WŚǇƐŝĐƐ�ůĂďŽƌĂƚŽƌǇ͕ �h^�Ϳ
WĂƚ��ŝĂŵŽŶĚ�;t�/��ĞŶƚĞƌ�ĨŽƌ�&ƵƐŝŽŶ͕�Z͘�<ŽƌĞĂͿ
�ŚƌŝƐ�,ŽůůĂŶĚ�;hŶŝǀĞƌƐŝƚǇ�ŽĨ��ĂůŝĨŽƌŶŝĂ�Ăƚ�^ĂŶ��ŝĞŐŽ͕�h^�Ϳ
�ŚŝŚŽŶŐ�>ŝŶ�;&^�͕�WĞŬŝŶŐ�hŶŝǀĞƌƐŝƚǇ͕ ��ŚŝŶĂͿ
>ŽŝƐ��ƵƌĨŵĂŶ�DĐ/ŶŶĞƐ�;�ƌŐŽŶŶĞ�EĂƟŽŶĂů�>ĂďŽƌĂƚŽƌǇ͕ �h^�Ϳ
'ĞŽƌŐĞ�DĐ<ĞĞ�;hŶŝǀĞƌƐŝƚǇ�ŽĨ�tŝƐĐŽŶƐŝŶͲDĂĚŝƐŽŶ͕�h^�Ϳ
&ƌĂŶĐŽŝƐ�tĂĞůďƌŽĞĐŬ�;/&^͕�h�dĞǆĂƐ͕�h^�Ϳ
,ŽǁĂƌĚ�tŝůƐŽŶ�;hŶŝǀĞƌƐŝƚǇ�ŽĨ�zŽƌŬ͕�h<Ϳ
yƵĞƋŝĂŽ�yƵ�;>ĂǁƌĞŶĐĞ�>ŝǀĞƌŵŽƌĞ�EĂƟŽŶĂů�>ĂďŽƌĂƚŽƌǇ͕ �h^�Ϳ
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dŚĞ�ǁŽƌŬƐŚŽƉ�ǁŝůů�ŝŶĐůƵĚĞ�Ă�E/&�ƚŽƵƌ�ŽŶ�^ĞƉƚĞŵďĞƌ�ϲ�ĨŽƌ�Ăůů�
ŝŶƚĞƌĞƐƚĞĚ�ƉĂƌƟĐŝƉĂŶƚƐ͘���dŚĞ�E/&�ǁĞď�ƐŝƚĞ͗
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tŽƌŬƐŚŽƉ�&ŽƌŵĂƚ

dŚŝƐ�ϰ�ĚĂǇ�ǁŽƌŬƐŚŽƉ͕�ŚĞůĚ�Ăƚ�>ĂǁƌĞŶĐĞ�>ŝǀĞƌŵŽƌĞ�EĂƟŽŶĂů�
>ĂďŽƌĂƚŽƌǇ�;>>E>Ϳ��ĂůŝĨŽƌŶŝĂ͕�h^�͖�ĐŽǀĞƌƐ�ƚƵƚŽƌŝĂů�ůĞĐƚƵƌĞƐ�ŽŶ�
ƚŚĞ�ďĂƐŝĐƐ�ŽĨ�ƚŚĞ��Khdнн�ĐŽĚĞ�ĂŶĚ�ƚŽŽůƐ�ƵƐĞĚ�ďǇ��Khdнн͕�
ƐƉĞĐŝĂů�ůĞĐƚƵƌĞƐ�ŽŶ�ƉůĂƐŵĂͬŵĂƚĞƌŝĂůͲƐƵƌĨĂĐĞ�ŝŶƚĞƌĂĐƟŽŶƐ͕�
ŝŶƚĞŐƌĂƚĞĚ�ŵŽĚĞůŝŶŐ͕�ƐǇŶƚŚĞƟĐ�ĚŝĂŐŶŽƐƟĐƐ�ĨŽƌ�ǀĂůŝĚĂƟŶŐ�
ƐŝŵƵůĂƟŽŶƐ͕�ĂŶĚ�ŽŶ�ŝŶŶŽǀĂƟǀĞ�ŶƵŵĞƌŝĐĂů�ƐĐŚĞŵĞƐ�ĂŶĚ�
ƉƌĞĐŽŶĚŝƟŽŶĞƌƐ͕�ƉůƵƐ�ƚĂůŬƐ�ĂŶĚ�ƉŽƐƚĞƌƐ�ŝŶ�ƚŽƉŝĐĂů�ĂƉƉůŝĐĂƟŽŶƐ�
ďǇ�ƉƌĞƐĞŶƚ��Khdнн�ƵƐĞƌƐͬĚĞǀĞůŽƉĞƌƐ͘�^ŽŵĞ�ƐĞƐƐŝŽŶƐ�ǁŝůů�
ŝŶĐůƵĚĞ�ŚĂŶĚƐͲŽŶ�ĞǆĞƌĐŝƐĞƐ�ƵƐŝŶŐ�>ŝŶƵǆ�ŵĂĐŚŝŶĞƐ͘����
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